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ABSTRACT 
In this paper we consider polytopes in quatemionic vector spaces. We classify all 
the regular quatemionic polytopes, i.e., the quatemionic polytopes which admit a 
flag-transitive automorphism group. 
1. INTRODUCTION 
In [8], Hoggar observed that the definition of (real or complex) polytope, 
as given by Coxeter in [4] (see also [lo]) can be extended to vector spaces 
over the skew field of quaternions. He described some interesting examples 
of such quaternionic polytopes related to some of the quatemionic reflection 
groups, found by Cohen [2]. 
In this paper, we are interested in the regular quatemionic polytopes that 
are the quatemionic polytopes with a flag-transitive automorphism group. 
Just as in the real and complex case, it can be shown that the automorphism 
group of a regular quatemionic polytope is generated by reflections. This fact 
is used to obtain a complete classification of the regular quatemionic poly- 
topes, which is given in the following result. 
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THEOREM 1.1. Let II be an n-dimensional regular quaternionic poly- 
tope, n > 2. Then it is isomo& to one of the following polytopes: 8,, zt, 
with 1 < t Q 3, gS, St 9’s, St 9’s, the generalized cube gH, or its dual gH, 
where H E ID,, T, 0, Z I m > 2). 
This result answers a question raised by Cohen at the end of [2]. Although 
quatemionic reflection groups play a prominent role in this paper, we do not 
use the results of [2] in the proof of our main result, Theorem 1.1. However, 
a lot of information concerning the root lattices, as defined and described in 
[2], is used in our description of the regular quatemionic polytopes in Section 
3. We do use the classification of the regular complex polytopes as given by 
Coxeter in [4]. 
For unexplained notation, the reader is referred to the next section, which 
contains the main definitions used in this paper. A proof of Theorem 1.1 is 
given in Section 4. 
2. DEFINITIONS AND NOTATION 
Let W be the skew field of real quaternions. Every element of W will be 
written as zi + ZJ, where zi and z2 are complex numbers, while the 
number j satisfies the relation jzj = -Z for all z E @. We shall often use k 
instead of y. Let !-II” be the n-dimensional vector space over W with scalar 
multiplication on the right. Denote by ( I > the standard unitary inner 
product on W”, i.e., ((xi,. . . , xn) 1 (yi, . . . , y,)) = Cr==, Xi yi for all vectors 
(X i”“, r,> and (yl,..., yJ of W”. (Here the bar denotes quatemion 
conjugation.) The distance d between two vectors x and y in W” is defined 
by d(x, y> = \/<x - y I r - y> . 
Now we are in a position to generalize the definition of a (real or 
complex) polytope, as given in [4], to the quatemion vector space W”. 
Let II be a finite set of affine subspaces of W” equipped with an 
incidence relation * being symmetrized inclusion. The elements of Il of 
dimension m will be called the m-flats of II. A subset II’ of II is called 
connected if and only if for any two elements o and w of II’ there is a chain 
of incident elements or,, . . . , u, in II’ with u = no * **. * 0, = w. If L, is an 
m,-flat and w an m,-flat of II, with m, < mZ - 1 and v *w, then the 
medialfigure of o and w is the set (v, w>* = { p E II I p is an m-flat of II 
with m1 < m < m2 and v * p * w}. If we regard the empty set as a (- 1) flat, 
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then we call II a polytope in E-0” or an n-dimensional polytope if and only if 
the following conditions are satisfied. 
(i) II contains 0 and E-4”. 
(ii) Let u and w be an m,-, respectively, ma-flat in II, with v * w and 
- 1 < m, < m2 - 1 < n. Then the medial figure (0, w)* is connected and 
contains at least two m-flats for all m with m, < m < m2. 
Two polytopes II, and II, are called isomorphic if and only if there is an 
invertible affine transformation mapping II, onto II,. 
In an n-dimensional polytope II, an m-flat, with m < n and all its 
incident ml-flats, where - 1 < m’ < m constitute an m-dimensional sub- 
polytope. The O-dimensional subpolytopes are called the vertices of II, the 
one-dimensional subpolytopes are called the edges, the two-dimensional 
subpolytopes are called the faces, and, finally, the m-dimensional subpoly- 
topes are called the m-cells of II. The vertices of a polytope are identified 
with points in W”. 
The center of a polytope with vertex set V is the point ( - l/IV l>_C, E v v. 
To each poly-tope II we can associate a dual or reciprocal polytope II in the 
following way. (Without loss of generality, we can assume that no m-flat of II 
contains the origin.) For each vertex v of a polytope II, we denote by v ’ 
the affne hyperplane of W” perpendicular to v and containing v. To each 
m-flat M in II, we associate the subspace which is the intersection of all 
affine hyperplanes vi with v incident with M. This set of subspaces forms 
the dual polytope Ti of II. Clearly, the dual of IYI is the original polytope II. 
Suppose II is an n-dimensional polytope of W”. Then the group of affne 
transformations of O-U” that permute the m-flats of II, 0 < m < n, and 
preserve incidence * and distance d, is called the automorphism group of II 
and will be denoted by Aut(II). The group Aut(lI) is finite, since it permutes 
a finite set of vectors spanning the whole space W”. Without loss we can 
assume that the center of the polytope II is at the origin of HI”, so that the 
group Aut(II) fixes the standard unitary inner product on W” and is contained 
in the unitary group U,,(W), the group of all unitary transformation of W” with 
respect to the standard inner product. 
A flag of the polytope II is a subset {v,, . . . , v,J of II, where vi is an 
i-flat, 0 < i < n, and v. * *** * v,. The polytope II is called regular if and 
only if its automorphism group is transitive on the set of flags. The polytope is 
called a regzdar quaternionic (respectively, complex or real) polytope if and 
only if its automorphism group is a proper quatemionic (respectively, com- 
plex or real) subgroup of U,,(W), in the sense of [l] and [2]. If a polytope is 
regular, then the number of flags equals the order of the automorphism 
group. The dual of a regular polytope is also regular. 
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The regular polytopes in 0-U are (up to isomorphism) in a one-to-one 
correspondence with the finite subgroups of V,(W). Up to conjugation these 
subgroups are the cyclic groups C, of order m generated by e2Wi/m, the 
groups D,,, = (C2,,,, k) of order 4m, the tetrahedral group T = (D,, (- 1 
+ i + j + k)/Z) of order 24, th e octahedral group 0 = (T, (i - l)/ fi) of 
order 48, and the icosahedral group Z = ( D,, (2 cos(2~/5> + 2i cos(3~/5) 
-j)/2) of order 120. See [2] or [4]. 
In higher dimensions the regular real and complex polytopes are classi- 
fied; see, for example, [3], [4], and [lo]. In these classifications reflections and 
reflection groups play a crucial role. This is also the case for the regular 
quaternionic polytopes. Therefore we give the following definitions. 
A reflection on W” is a linear transformation of H”, of finite order, but 
not equal to 1, fting an (n - lkiimensional subspace of E-0” pointwise. A 
reflection group is a finite subgroup of the linear group on HI” generated by 
reflections. See [l, 21. 
Suppose R is a unitary reflection, i.e., R E U,(W). Then there is a unique 
one-dimensional subspace 1 in O-0” perpendicular to the reflection hyperplane 
{v E E-U” I Ru = u}, which we call the root line of R. For each nonzero vector 
u on the root line 1 of R, there is an element 6 of W of finite order such that 
for all w E W”, we have 
Rw = w _ 2, (1 - S)(u 1 w) 
(vlv) ’ 
Then we write R = S, 5. Notice that S,, 5 S, + = S, 5Jr and S,,, 6 = 
S,, A&-‘* 
Let 1 and m be two root lines. Then the angle between 1 and m is the 
real number I( ZJ I w >I, where 2) E I and w E m are vectors of length lo] = 
lw 1 = 1, which is independent of the choice of the vectors TV and w. The 
squared angle between 1 and m is the square of the angle. 
Let {R,, . . . , R,} be a set of reflections in O-U” generating a finite group G. 
Let {Zr, . . . , I,} be a set of distinct root lines of the elements in {R,, . . . , R,}. 
Notice that t < s. Then we define the diagram A = A(R,, . . . , R,) of 
(R i,“‘, R,} to be the graph with vertex set {2,, . . . , I,). Two vertices I and m 
are joined by an edge if and only if they are not perpendicular. The edge 
between 1 and m has weight equal to the real number p > 2, where 
cos(w/p) equals the angle between the root lines 1 and m. To each vertex 1 
of A we assign an element of {Cr, Dp, T, 0, I I p E IV} in such a manner that 
the assigned group is isomorphic to the subgroup of G generated by the 
reflections in G with root line 1. By R(A) we denote the complete set of 
unitary reflections in G whose root line is a node of A. 
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The set {R,, . . . , R,} uniquely determines the diagram A, but his diagram 
does not always determine (up to isomorphism) the set {R,, . . . , R,) uniquely 
nor the group G. The set R(A) may contain {R,, . . . , R,} as a proper subset; 
see, for example, Section 3.3 below. The group G is of course generated by 
R(A). However, it is not always determined by A as can be seen in Section 
3.1. 
The diagram A is called linear if and only if it is of the shape 
Pl P,-1 
7-v 
H, H, H,,- I H,, 
In the sequel we shall neither write the value 3 assigned to an edge nor 
the group C, assigned to a vertex. 
3. WYTHOFF’S CONSTRUCTION 
QUATERNIONIC POLYTOPES 
OF THE REGULAR 
In this section we describe, up to isomorphism, all the regular quater- 
nionic polytopes of Theorem 1.1 using Wythoff ‘s construction. 
Let IR,, . . . , R,) be a set of unitary reflections in W” generating the finite 
group G. Let A be th e corresponding diagram, and suppose that A is linear 
with n linearly independent vertices. Now ring an end node of the diagram 
A. Then by that ringed diagram we denote a polytope II, that is constructed 
in the following way, known as Wythoff’s construction; see [4]. 
Let I,, . . . , 1, be the vertices of the diagram, such that 1, is the ringed 
node and 1, and I,, 1 are adjacent vertices of A for all t E 11, . . . , n - 1). Fix 
a nonzero vector t? perpendicular to I,, for all t > 2. Then the vertices of II 
are the points og, where g runs through G. The m-cells are the images of 
u + (11,. . . , 1, > under the group G, with 1 < m < n. Since G is generated 
by the elements of {R,, . . . , R,}, it is a connected polytope. By construction, 
G is transitive on the m-flats of II, for each m between -I and II. 
In the next examples we give various diagrams, (see Figure 1) to which we 
can apply Wythoff s construction and obtain examples of regular quaternionic 
polytopes. We use the notation of Section 4 of [2]. Special quatemions used 
in this section are y = (- 1 + ifi)/ and S = ( - 1 + j6)/2. 
3.1. The quaternionic polytope &I obtained from the diagram (1) 
Let R, be the quatemionic reflection Sco,y_ ,), y and let R, be the 
reflection S(-sjfi.iX1_kj.Y. Then R, and R, generate a proper quatemionic 























reflection group W(0,) and their diagram is as given in (1). Let I, be the 
root line of R,, for t = 1,2, and fur a vertex u = ((1 - k)fi/ a, 0). Then 
the polytope obtained by Wyth o ff s construction applied to diagram (1) and 
vector 0 yields a regular quaternionic polytope with 40 vertices and 40 edges. 
The polytope is self-dual. Its vertices are the vectors 
where h E (k ), m = 0, I, or 2, and m' = 0 or 2. Every vertex is in three 
edges, and every edge contains three vertices. 
Notice that the complex reflection group 3[4]3 (in the notation of [4]) 
can also be generated by two reflections of order 3 determining the same 
diagram (1). 
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3.2. The polytope PI obtained form the diagram (2) 
Let R, be the reflection S,, i) j and let R, be the reflection 
Then R, and R, generate a quatemionic reflection group of $eYk<;;$~n, d 
e ermine diagram (2). Fixing a vector u = (1,O) perpendic- 
t 
ular to the root line of R,, we obtain by Wythoffs construction a self-dual 
regular quatemionic polytope 9, with 80 vertices and 80 edges, each vertex 
being on 4 edges and each edge containing 4 vertices. The vertices of P’i are 
(l,O)4 (O>l>A, (1, * l)h/2, (1, -tj)(l - i)h/2, 
(I, f i)(I - k)A/2, (1, + k)(l - k)A/2. 
Here A is an element of D,. 
3.3. The polytope z@~ obtained from the diagram (3) 
Let R, and R, be as in the preceding case and set R, to be the 
reflection S,, I), i. Then R,, R,, and R, generate the quatemionic reflection 
group W(P,). Their diagram is as given in (3), and if we apply Wythoff s 
construction to the vertex z) = (l,O), we obtain a self-dual regular quater- 
nionic polytope with 240 vertices and edges, each vertex being on 8 edges 
and each edge containing 8 vertices. The vertices are the vectors 
(l,O), (O,l)A, (1, p)(l - i)A/2, 
where A E T and p E D,. 
3.4. The polytope Ps and its dual S$ obtained from the diagram (4) 
Let R, and R, be the reflections of the previous case and let R, be the 
reflection Sccl _ ij, p, 1j, _ 1. Then (R,, R,, R4) = W(P,) and its diagram is as 
given in (4). [Here {R,, R,, R4} is a p ro p er subset of R(A) generating the 
group G.] 
If we fix a vector u = ((1 - i)/ 6, - 1) perpendicular to the root line of 
R, and apply Wyth o ff s construction, then we obtain a regular quatemionic 
polytope PS with 1920 vertices and 480 edges, each edge containing 8 
vertices and each vertex being in 2 edges. The vertices of PS are the vectors 
in the root system of type P, of [2]: 
((I + p)/&9)(I + (I + p))A/fi, (I + &9)A> (9; I f &)A> 
with p = i, j, or k, 9 E D,, and A E 0. 
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If we fix the vector (I, 0) perpendicular to the root line of II, and R,, and - 
apply Wythoffs construction, then we obtain a polytope 9, with 480 vertices 
and 1920 edges. It is isomorphic to the dual of the polytope Pa. Each vertex 
is on 2 edges and each edge contains 8 vertices. The vertices of this polytope 
are the vectors VA, where v is a vertex of 9, and A E 0. 
3.5. The star-polytope StPJ and its dual StTs obtained from (5) 
Let R, and R, be the same reflections as in the preceding case and let 
R,s be the reflection Sco + ij, fi ,) i. 
the group W( P,). Their diagram is 
Then the R,, R,, and R, also generate 
as ‘ven in (5). If we ap ly Wythoffs 
construction to the vector ((1 + i)/ 2, - 1x1 + (1 + i>/ 2 ), then we $ ?- 
obtain a regular quatemionic polytope StPs with the same vertex set as Pa 
and also with 480 edges. 
Its dual polytope St Pa can be obtained by applying Wythoffs construc- 
tion to the vector (LO). It has the same vertex set as s, but a different set of 
edges. 
These two polytopes are called star-polytopes, since they contain vertices 
TV and w on an edge that are not at minimal distance; see [3, 41. 
3.6. The generalized cubes %?H and their duals g obtained from the 
diagram (6) 
Let H be a finite subgroup in W. Let (e,, . . . , e,) be a unitary basis for 
W”, and consider the reflections R, = S,,, h and Sj = SeZ+ 1 me,, _ ,, where 
A E H and 1 < i < n - 1. Then the reflections R, and Si generate a 
subgroup G( H, H) of U,,(W). Th eir diagram is as given in (6). Applying 
Wythoffs construction to the vector e,, yields the generalized cube %YH, a 
regular polytope with the vectors eih as vertices, with A E H. 
Its dual polytope can be obtained by applying Wythoffs construction to 
the vector e, + *** +e,. This dual has as vertices the vectors elA, + 
... +e, A,, where Ai E H for all i E (1, . . . , n}. 
4. THE CLASSIFICATION 
It is the purpose of this section to prove Theorem 1.1. In the previous 
section we constructed various regular polytopes using Wythoffs construc- 
tion. The next result shows that any regular polytope can be constructed in 
such a way. The result can be found in Coxeter’s book [4, Chapter 121; see 
also [9]. The proof, as given in [4], also applies to the more general situation 
of polytopes in W” instead of C’. 
REGULAR QUATERNIONIC POLYTOPES 319 
THEOREM 4.1 ([4, 91). Let KI be a regular polytope in W”. Then there 
are reflections R ], . . . , R, in G = Aut(II) such that: 
(i) G is generated by R,, . . . , R,s. 
(ii) The diagram A( R,, . . . , R,) is linear and contains n linearly inde- 
pendent vertices. 
(iii) II can be obtained by applying Wythoff’s construction to an end 
node of A( R,, . . . , R,). 
Now suppose IT is a regular polytope in W” and let G be its automor- 
phism group, which we may assume to be embedded in U,,(W). Let R,, . . . , R, 
be the reflections as indicated in Theorem 4.1. By A we denote the diagram 
NR,, . . . , R,%), whose vertices l,, . . . , 1,, are the root lines of the reflections 
R,,with 1 <t <s. 
LEMMA 4.2. Suppose all the groups assigned to a vertex of A are of 
order 2. Then G is a real reflection group and II is a real polytope. 
lf all the groups assigned to a vertex except for one are of order 2, and the 
exception is a cyclic group of order p > 3, then G and II are complex. 
Proof. It is easy to see that there is a basis of W”, such that all reflections 
R,, t E (1,. . . , s}, are represented by a real (or complex) matrix with respect 
to that basis. Hence G and then also Il is real (respectively, complex). ??
We first investigate the two-dimensional case and determine all possible 
diagrams A with just two nodes for which G is a proper quatemionic 
reflection group. 




where a > 2 and H, and H, are two subgroups W in {C,,, D ,,,, T, 0, 1 I m > 
2}. Let (Y = cos(r/a). Up to conjugation we ma assume that the two nodes 
+ of A are the two lines (1,O)E-M and ((Y, 1 - a )W. If H, contains an 
element of order p, and H, an element of order p,, then without loss of 
generality the corresponding reflections in G can be chosen to be R, = 
S (1.0). c2”‘/ 1’1 and R,=S (a, &$. Y’ where y = cos(2rr/p2) + sin(2n/p,l 
(yii + yzj) with yi and yz elements in lF8 such that y& + yi = 1. Without 
loss of generality we may assume yi > 0. (Otherwise replace R, by R,‘.) 
We call this the normal form for these reflections in G. 
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The following two formulas will be of great use in the sequel. If we start 
with reflections R, and R,, then the first formula gives us the squared angle 
between the root lines of the reflections R, and RF’. If both R, and R, are 
reflections of order p, = p, = p, then th e squared angle between the root 
lines of R, and RFPRl is given by the second formula 
4.3 
9&x2) :=1+x,-) I R,(ru,~))12 
= (2 - 2cos(27r/p,))a4 - (2 - 2cos(27r/p,))(Y* 1. 
4.4 
If p, = p, = p, then 
q;;,&‘) := I+,-) I R,R,(l,O))I’ 
=Ly ‘(1 + ~GY~(cos(~v/~) - 1)’ - 6cy2(cos(2n/p) - 1)’ 
+2(cos(2V/p) - 1)2 + 2(1 - cx2)yl sin’(27r/p)). 
Both formulas are obtained by straightforward calculations. 
If we start with two reflections R, and R, of order p, whose root lines 
make a squared angle x, then the reflections R, and Rfl are two reflections 
whose root lines have a squared angle L%?~,<x), where the map Sp is given by 
S?+ x + (2 - 2cos(27r/p))( x2 - x) + 1. 
Repeating this we get a recursive sequence. Denote by 9;(x) the nth 
value of this recursive sequence. 
PROPOSITION 4.5. Let p be an integer at least 2 and let x be a real 
number between 0 and 1. Suppose 9 = {9;< x) 1 n E N} is a finite set. 
Then p < 5, and nwreover, 
(i) Zf p = 5, then 9f c ((2 - 2 cos(27r/5))P l, 1 - (2 - 
2 cos(27r/5))-‘}. 
(ii) Ifp = 4, then s%? = {l/2}. 
(iii) Zfp = 3, then either 
LZCY= {l/3,2/3,1/2 + G/6,1/2 - G/6} 
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or~c~andforallx Es\Pwehave 
x > l/2 + (d-)/6 or x < l/2 - (4x)/6. 
Moreover, in this last case I/2 + d-/6 or I/2 - d-/6 is 
in 9. 
Proof. Suppose 9 is finite. 
2 cos(2?T/p)Xx - 1x 
Notice that 9p<~) - x = (2 - 
x - (2 - 2cos(27r/p))-‘). So if p > 6, then 9!,(x) - 
x > 0 and 0 <gp(x) < 1. Hence <9’;(x)>,,> 1 is a strictly increasing 
sequence, so that A%? cannot be finite. Hence we have p < 5 and 
2 - Zcos(27r/p) > 1. 
If x < (2 - 2cos(27r/p))-‘, then(2 - Zcos(27r/p))-’ <9’p(x) < 1. So, 
without loss we may assume that (2 - 2cos(27r/p))-’ < x < 1. However, 
then 9:(x) - x < 0 and (2 - 2cos(27r/p))-’ <A%“(X) < I. So for 9 to 
be finite there has to be an element n in N such &at 9°C X) = 9;’ ‘( ~1. 
However, that means 9;(x) = (2 - 2 cos(2~/p))-‘. 
The rest of the lemma now follows easily by going back in the recursion. 
??
COROLLARY 4.6. Suppose R, and R, are two reJlections of order p in G 
and their root lines have a squared angle equal to x, with 0 < x < 1. Then 
p < 5 and the following hold: 
(i) Zfp = 5, then x E ((2 - 2 cos(2~/5)-~, 1 - (2 - 2cos(2~/5))-‘}. 
(ii> Zf p = 4, then x = l/2. 
(iii) Zfp = 3, then x E {l/3,2/3, l/2 + G/6, l/2 - a/6}. 
Proof. Let S, = R, and S,+i = Rff for all t > 0. Then the squared 
angle between the root lines of R, and S, equals 9$(x). Since G is finite, 
the set (A’;(x) 1 n > 0) is finite. Hence Proposition 4.5 applies. The only 
situation we have to rule out is where R, and R, are two reflections of order 
3 and with root lines at squared angle x = l/2 + (d-)/6 or l/2 - 
(d-)/6. H owever, then R, and RtlR2 are two reflections of order 3 
whose root lines have squared angle S,, yl(x). 
For both values of x we find that S,, ,$x) is between I/2 - 
(d-)/6 and l/2 + (4x)/6. In particular, 9&x) E 
(l/3,2/3, l/2 f G/6). Replacing R, by R-l, we obtain by the same 
arguments that S,, _yl(x> E {l/3,2/3, l/2 f h/6). For both values of x, 
these two conditions cannot be satisfied at the same time, and we find a 
contradiction. ??
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COROLLARY 4.7. Let K be a finite subgroup of U,,(W) acting primitively 
on l-n”, n > 2. Then K contains no reflections of order > 6. 
Proof. Suppose K contains a reflection of order at least 6 with root 
line 1. 
By the preceding lemma, it is clear that the root lines of the reflections of 
order at least 6 in K are perpendicular to each other or coincide. Hence ZK 
forms a set of imprimitivity for K. ??
LEMMA 4.8. Zfboth H, and H, contain an element of order at least 3, 
then all the elements of H, have order at most 5, t = 1,2. 
Proof. Suppose R, is of order p, > 3 and R, has order p, > 3. Let R, 
be the reflection Rf2. Then both R, and R, have order p, and their root 
lines make an angle which is not 0 or I, as follows from an easy calculation. 
By Corollary 4.6 we have that p, is at most 5. By symmetry of the 
argument we also obtain that p, < 5, which proves the lemma. ??
LEMMA 4.9. Suppose G is a proper quaternionic reflection group. Zf 
H, = Cpl and H, = Cpz, then either G = W(0,) and A is the diagram (1) 
or% = W(P,) and A is the diagram (2). 
Proof. Fix a reflection R, of order p, and with root line I, in G; here 
t = 1,2. Assume these reflections to be in normal form. 
By Lemma 4.2 we may assume that both p, and p, are at least 3 and by 
the Lemma 4.9, that p,, p, Q 5. 
First we consider the case that p1 = p, = p. If p = 5, then by Corollary 
4.6 we have a2 = (2 - 2cos(2n-/5))-’ or CY~ = 1 - (2 - 2cos(27r/5))-‘. 
Consider the reflections R, and R, RzR~ These are both reflections of order . 
5 and their root lines make a squared angle q;, ,,< a) which is equal to 
0, 1, (2 - Zcos(27r/5))-’ or 1 - (2 - Zcos(27r/5)>~‘. This is only possible 
for 1~~1 = 1, but that implies that G is complex. 
Now consider the case that p, = p, = p = 4. Then by Corollary 4.6, we 
find that IY = l/ fi. Again consider R, and RflR2, where their root lines 
have a squared angle q, ,1(1/2) equal to 0, 1, or I/2. This implies that either 
1~~1 = 1 and G is complex or y1 = 0 and G = W(P,); see the previous 
section and 121. In this last situation we find diagram (1) or (2) as given in the 
statement of the lemma. 
If p, = p, = p = 3, th en we have four possible values for (Y, namely, 
(Y = m, (Y = m, or (Y = dm. As before consider the 
reflections R, and R~I’z, and the squared angle S, ,,< (Y ‘) between their root 
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lines, or the reflections R, and Rz;‘Rz, whose root lines make a squared 
angle 7s. _ ,,(o’). For LY ’ = 2/3 this implies that both (1 + y,)/3 and 
(1 - y,)/3 are among 0, 1, l/3, 2/3, l/2 + G/6, or l/2 - G/6. This 
is only possible for yr .= 0 or yr = 1. In the last case, G is complex, and in 
the first, G = W(0,) (see [2] and th e p revious section) and h is as given in 
the statement of the lemma. 
If CY’ = I/3, then R, and R,A:lR 2 are two reflections whose root lines 
make a squared angle (2 & y,)/3. As before we find that 1~~1 is either 0 or 1. 
In the second case, G is complex, while in the first case the root lines of R, 
and RR R 2 1 2 make a squared angle 2/3. By the previous case they should be 
conjugate to the standard reflections S,, ,,) > ,e 2nr,3 and S (J1/3. m,*Y’ with 
y= -l/2 + ifi/ or y = - l/2 +j&/2. H owever, as this is not the 
case, we obtain a contradiction. 
Finally, CY = dm is ruled out since for each yr either 
Ys, ,,,(02) orbs, _yl(~g) is not among the values 0, 1, l/3,2/3, l/2 f &?/6, 
and l/2 - &/6. 
Now to the case where pl z p,. Without loss of generality we can 
assume that p, < p,. 
First consider the case that p, = 5. If R, has order 4, then the root lines 
of R, and RpL make squared angles l/2 for all t E {1,2,3,41. This is 
impossible, so p, = 3. However, then consider the reflections R, and R:l. 
As was shown above, these reflections generate a complex group. In particu- 
lar, the inner product between R,( a, \/1_Ly2) and ((Y, \/l - cr ” >, which 
equals e zni/sos + I _ as, normalizes ( y ), from which we deduce that y is 
complex, and hence also G is complex. 
Now consider the case where p, = 4. Then p, = 3. Let R, = Rfl. The 
group (R,, Rs) is either isomorphic to the complex reflection group 4[3]4 of 
[4], or to the quatemionic reflection group W(P,) as follows from the 
foregoing text. In both cases we have that the squared angle between the root 
lines of R, and R, equals l/2, from which it follows that CY’ = l/2 f a/6. 
First suppose that G contains a reflection subgroup isomorphic to W( P, 1. 
Then, up to conjugation, we may assume that G contains the reflections S,, j, 
where u is in the vertex set of the polytope 9r as given in Section 3.2; see 
[2]. Suppose R, has as root line the line ((Y, P)W. The squared angle 
between the root line ((Y, @)!+I, and all the root lines VW, with 0 a vertex of 
9’,, has to be equal to l/2 f G/6. This is clearly impossible. Thus we may 
assume that G does not contain a reflection subgroup isomorphic to W(P,). 
So R, and R, generate a complex reflection group, and up to conjugation, 
we can assume that the reflections S,,i are in G, where o E 
Kl, 01, (0, 11, (1, 0, (1, - l),(I, i), (1, -ill. 
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Let R4 = '(ui,02), i be a reflection of order 4 in G but not in the subgroup 
generated by R, and R,. By the above we have that any two reflections of 
order 4 in G generate a complex reflection group. In particular, R, and R, 
generate a complex reflection group, which implies that ui is in C. However, 
a1so ‘(0 1). i and R, generate a complex reflection group, from which it 
follows that os is also in C. Then the formulas Rpz = SR,C1,Oj, i and S,~zl) = . -1 
S RD, 1). i imply that R, is also a complex reflection, In particular, G is 
complex. This ends the proof of this lemma. ??




and G I=: G( H,, H,). 
Proof. If H, # D,,,, then there are reflections of order 2, 3, and 4 with 
root line I, in G, and if H, = D,,, with m 2 3, then there are reflection of 
order at least 6 in G whose root line is 1,. Let R, be a reflection of G of 
order q > 2 with root line Es. Then consider the root line If*. By Corollary 
4.6, this root line can only be perpendicular to Z,, as there are reflections in 
G of order 2, 3, and 4 or of order at least 6 having this line as a root line. In 
particular, the reflection R, is of order 2 and (Y = \/1/2. Then (up to 
conjugation) G is generated by the reflections S,, o), x with x E H, \ (1) and 
’ S (i, i), _ i. This implies that G = G( H,, H,). ??
LEMMA 4.11. Zf H, = D,, then A is one of the following diagrams: 









and G is isomorphic to W(P,), W(P,), respectively, G(D,, D,). 
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Proof First assume that H, has even order. Let R, be a reflection with 
root line I, and of order 4, and let R, be a reflection of order 2 with root line 
1,. Then ( R,, R, ) is a complex reflection group and it follows from [ 1, 41, 
that the weight of the edge is equal to 4, 8, or 8/3. This also implies that for 
H, we only have the possibilities C,, C,, and D,. 
If H, contains an element of order 4, then by Corollary 4.6 the weight of 
the edge is 4, as the root lines 1, and 1, have an angle equal to J1/2. 
Without loss of generality we can assume that G contains the reflections 
S (l,O).i> ‘(l,O),j’ and ‘(1,1),y,i+yd> where y1 and y2 are real numbers with 
y: + yi = 1. Now consider the vector S,, 1),y,i+y2jS~1 0), ,(l/ 6, 1/ fi). 
This vector makes a squared angle (1 + -yl);2 with (1, Oj. By the above this 
is equal to 0, 1, or l/2 and hence ]yi] = 0 or 1. In both cases these three 
reflections generate the group W(P,). Hence H, = D, and also A is as in 
the statement of the lemma. 
Now consider the case where H, = C,. In this situation the generating 
reflections are uniquely determined, up to conjugation, by the value of the 
edge of A. If the weight of the edge of A is 4, then G is isomorphic 
G(D,, Dz), while th e cases of weight 8 or 8/3 both lead to a group G 
isomorphic to W(P,). 
Now suppose that H, has odd order. Then, as in the proof of Lemma 4.9, 
we find that H, is of order 3 and a2 = l/2 + J?;/6. By arguments similar 
to those used in the proof of Lemma 4.9, we get a contradiction. ??
This finishes the investigation of the two-dimensional case. Next we have 
to consider the general case, where A is a diagram with n linearly independ- 
ent nodes, n > 3. The following lemma is useful in the proceedings. 
LEMMA 4.12. Suppose G is an n-dimensional rejlection group, n > 3. 
Let R, be a reflection of order p > 4. Then every conjugate of R, has the 
sam.e root line as R, or commutes with R,. In particular, the conjugates of 
the root line of R, form a system of imprimitivity for G. 
Proof. Let 1, be the root line of R,. Suppose R, is a conjugate of R,, 
having root line 1, different from Z,, but commuting with R,. Then (R,, R,) 
is either a two-dimensional complex reflection group or one of the groups 
from the preceding lemmas. In particular, the center of this group is 
nontrivial and contains - Id, when restricted to the space spanned by the two 
root lines; see [2, 41. 
Let R, be a conjugate of R, whose root line 1, is not in the span of 1, 
and 1,. Such a reflection exists, as G is an n-dimensional group with n > 3. 
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Now consider the group (R,, R,, R,, -Id) restricted to (Ii, Z,, /a). This 
group is finite and contains a reflection R of order 2 whose root line is 
perpendicular to I, and I,, but not to 1,. Now consider R,, R, and S, = RR:, 
where 1 < t < p. These three reflections generate a complex reflection 
group; see Lemma 4.2. Moreover, their diagram A(R,, R, S,) is linear, and 
by [4], has to be of the shape 
So for all t we find that the root lines of R and S, make the same 
squared angle l/2. F ormula 4.3 shows that this is only possible for p = 2 or 
p = 3. The rest of the lemma is now clear. ??
PROPOSITION 4.13. Suppose G is a finite quaternionic reflection group in 
U,(W), n > 3, generated by a set {R,, . . . , R,} of reflections whose diagram 
A = ACR,, . . . , R,) is linear with n linearly independent nodes. Then A is 
equal to diagram (6) and G is conjugate to G( H, H ), where H E 
ID,, T, 0, Z I m > 2). 
Proof. Suppose the nodes of the diagram A are the root lines I,, 
1 Q t < n, numbered from the left. Let ot be the angle between the root 
lines 1, and Z,,,. Fix a root vector on each of the nodes. Because the 
determinant of the Gram matrix of this set of root vectors is positive, we 
obtain that the determinant 
1 ffl 0 0 --. 0 
ffl 1 a2 0 . . . 0 
0 (Y2 1 ag *** 0 
0 *-- 0 0’ ff”_l i 
is positive. 
It is clear that the reflections of G belonging to m fLved nodes generate 
an m-dimensional reflection group. Its diagram is the diagram that we obtain 
from A by taking the subdiagram of A induced on these m nodes. 
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The previous lemma implies that any connected subdiagram 





From these observations we obtain that the connected subdiagrams of A 
on three nodes are among the following: 
4 
0 1 0 
H 
where a = rr/arccos(J1/3) and H is a finite subgroup of U,(W). 
The last diagram leads to the real reflection groups W( A,) or W( Hz). 
Since the subdiagram on the first two nodes from the left in the second 
and third diagrams leads to a complex reflection group, we may assume that 
the generating reflections for this subdiagram are R, = SC1,O,Oj,e~v,~~ and 
fiz = s, J1/3. &z, 0). G?n1/3. Because the remaining node in the third diagram 
corresponds to a reflection or order 2, we find easily that this diagram leads 
to a complex reflection group. 
For the second diagram we can take as third generating reflection 
R, = S,“, m, m,, 7’ where y = cos(2rr/3) + sin(2r/3)(y,i + yzj) with 
yi E R and y: + yi = 1. The arguments of the proof of Lemma 4.9 apply 
again and we find y, = 1, so also this diagram leads to a complex group. 
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If G is a three-dimensional proper quatemionic reflection group, then A 
is as stated in the proposition and G r G( H, H), for some group H E 
ID,, T, 0, Z I m > 2). 
Now suppose that G is a four-dimensional reflection group. From the fact 
that the Gram matrix of the set of root vectors is positive, we obtain that 
1 - (~12 - (Y: - Cal + (Y:(Y~ > 0. By arguments similar to those used above, 
we end up with the following two possibilities for the diagram A: 
a a a 
0 I w 0 
cc3 G3 c, cc3 
4 
0 I - 0 
H 
with a = r/arccos(m) and H a finite subgroup of U,(W>. 
Again we find that G and A are as stated in the proposition, as the first 
diagram leads to a complex reflection group. 
If C is n-dimensional, where n > 5, then we only find the diagram A as 
given in the proposition. The other possibilities are ruled out by the condition 
that the Gram matrix has to have a positive determinant. Then G is (up to 
conjugation) generated by the reflections S,, a ,,, a), x with x E H, x # 1, 
and S,, 1 o ,,, oj 1,. . . , S,, _,, o 1 1j _ 1. In particular, G = G( H, H). w ,>. ,, .,., 
The above results imply that each of the diagrams found in the preceding 
lemmas and propositions determines up to conjugation a unique maximal set 
of root lines and reflections, generating a proper quatemionic reflection 
group. Furthermore, any linear diagram with n > 2 linear independent nodes 
whose reflections generate a proper quatemionic reflection group is one of 
the above diagrams. This together with Theorem 4.1 proves Theorem 1.1. 
We end this paper with two remarks. 
The methods developed in this paper can also be applied to give a new 
proof of the classification of the regular complex polytopes. Furthermore, it 
might also be a first step in a more elementary classification of the finite 
quatemionic reflection groups than the one given in [2], which relies on some 
deep group theoretical results, e.g., the work of Huffman and Wales [6, 71. 
The polytope Pi has also been described by Crowe [5]. The polytopes 
given by Hoggar [8] are not regular. Although their automorphism group is 
transitive on the vertices of the polytope, this group does not act flag 
transitively. 
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